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w 1.We consider  the unsteady motion of a compress ible  v iscoplas t ic  medium, whose  proper t ies  vary in 
accordance  with power and nonlinear laws, in a thin-walled tube of a v iscoelas t ic  Ma_xwcllian mater ia l .  The 
motion is represen ted  by the equation 2/= 7/G+ v /~ .  

We as sume  that  initially the flow and p res su re  in the whole tube, occupying the half-space x >- 0, is con- 
stant and equal to zero  and at t ime t= 0 a p r e s s u r e  p = q~(t) or  a flow rate M =~ (t) is imparted at the boundary 
X = 0 .  

The solution of the problem reduces to solution of the system of differential  equations [1] 
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When j = 1, Eq. (1.1) descr ibes  the motion of a "power- law" medium, and when j -~ 2, Eq. (1.1) represents  the 
motion of a nonlinear v iscoplas t ic  medium. Here p is the p res su re ,  M is the mass  flow, R is the tube radius, 
+ is the thickness  of the tube walls, P0 is the density of the medium, f0 is the c ross - sec t iona l  a rea  of the tube, 
K F is the modulus of elast ici ty of the f lu id ,  G is the shear  modulus of the tube mater ia l ,  ~ is the viscosi ty  
of the tube mater ia l ,  '/a is the apparent  v iscos i ty ,  ~?p is the analog of plast ic  v iscosi ty ,  r is the hydraulic 
radius,  n is the nonlinearity pa ramete r ,  30 is the dimensionless  radius of the core,  a is the shear  s t r e ss  of 
the tube mater ia l ,  and 7 is the shear  s t rain of the tube mater ia l ;  the dot above the le t ters  denotes the opera tor  
d/dt .  The more  accura te  value of m z was obtained from [2], since in [1] it was determined for small  values 
of the flow core. The initial and boundary conditions for the given problem have the form 

M ( x ,  t) :: 0, p ( z ,  t) : O, t ~ 0; 

p(0 ,  t ) ~ ( t )  I t S 0  case A ,  
M(0, t) = ~(t) I case B. 

In addition, we a s sume  that functions p(x, t) and Mix, t) a re  bounded as x - -  .o. 

We solve the problem for case A. Eliminating the mass  flow from Eqs. (1.1)and(1.2), we obtain a di f fer-  
ential equation for p 

AO3p, 'dP BO'2p Ot z D O p e r  = O:~p,'dtOx z 

with initial and boundary conditions 

p ( 0 , x ) = 0 ,  O p ( O , z ) l a t = o ,  aZp(0, z)/at 2 = 0 ,  

p (t ,  o)  -~ r ( t ) ,  p (t ,  ~)  = 0, 

(1.3) 

(1.4) 
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where 

A = RI6.'2po/G + polKF = 1/C2; B =/om~/C ~ + 2Rio~fit; D = 2Rp0fdnJfp. 

Applying the Laplace t r a n s f o r m  to (1.3) and (1.4), we obtain 

02p*/Ox 2 --  (As 2 + Bs -" D)p* = O; 

p*(s, o) = ~*(s), p*(s, oo) = o, 

p * ( s , z ) =  ; e - ' p ( z , t ) d t ,  ~ * ( s ) =  i e - " q ( t ) d ! .  

The solution of (1.5) with boundary conditions (L6) has the form 

p*(s, x) = r 2 § Bs -7 D). 

Convert ing to the original,  we have 

i 
0 for 0~<~t ~-~-  

2 . x --'xC V"~ q~ (t'-- ~) e dz e -" 

I 
C 

for t ~ ,-~-, 

where/~ = AD- (]3/2) 2. 

The m a s s  flow is given by the formula 
t 

M = - -  lo ~ e-l~ dp dx(Z' r) d~. 

By a s imi la r  p rocedure  we obtain the solution for case B in the form 

M (x, t) -- 

x 0 for O ~ t  < - ~  

3 2~ 

/ /  X 2 

C 

for t "~ z ~ - ~ - ;  

i (  ) aM 
p (z, t) = - -  770 -gT + , n / t t  d z .  

(1.5) 

(1.6) 

(1.7) 

(1.s) 

(I .9) 

(1.10) 

The var iat ion of the tube c r o s s  section f is given by the express ion [1] 

l - -  Io = (21o/Sj,)(Op/Ot + toP), 

where t o =bt/G is the relaxation time. 

The quantities B and D contained in formulas  (L7)-(1.10) a re  proport ional  to mj and inverse ly  p ropor -  
t ional to ia. The p a r a m e t e r  m 1 ("power- law" fluid ) va r i e s  with change in n, other  conditions being equal, in 
the range 3 ~ a / P o f o R r - ~ ;  a n i n c r e a s e  in n(n> 1 - dilatant medium) leads to a reduction of m 1 and, hence, B and 
D, while a reduction of n(n< 1 - p s e u d o p l a s t i c  medium) leads to an increase  in ml, B, and D. An analysis  of 
the p a r a m e t e r  m 2 shows that an increase  in the nonlinearity pa ramete r ,  or  in the yield s t r e s s  T0(B 0) increases  
the values of m2, B, and D. 

The foregoing shows that in the motion of a npower-law" medium reduction of p r e s s u r e  and flow with t ime 
is more  rapid for  pseudoplast ic  media than for v iscous  and dilatant media. Fo r  a nonlinear viscoplast ic  medium 
the increase  in the nonlineari ty p a r a m e t e r  n and the yield s t r e s s  v0(B 0) leads to more  rapid reduction of 
p r e s s u r e  and flow. 
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Reduction of the v i s c o s i t y  of the tube m a t e r i a l  (which is equivalent  to reduct ion of the re laxat ion t ime  of 
the tube ma te r i a l )  a l so  leads  to reduct ion of p r e s s u r e  and flow. 

The foregoing e x p r e s s e s  the impor t an t  idea that  the motion can be af fec ted  by a l t e r ing  e i ther  the cha r -  
a c t e r i s t i c s  of  the m ed i um  being pumped or  the v i scos i ty  of the tube m a t e r i a l .  

I f  we let  p -* ~ in Eqs.  (1.7)-(1.10), they l ead to  exp res s ions  for  the p r e s s u r e  and flow in an e las t ic  tube, 
~md in th is  case  

B = fore~C2; D = O. 

Let  us now ass ign  a p r e s s u r e  or  flow jump at  the s t a r t  of the e las t ic  tube,  i .e . ,  

{0 t ~ O  {0 t ~ O  
q)(t) = Po t ~ O  at ~ ) ( t ) =  Mo t~>O.  

Substituting the boundary conditions (i.11) in Eqs. (1.7)-(i.i0) we obtain in case A 

(i.ii) 

f 
0 for 

p (x, t) = Po e -  -~'--d-~+/0% x i e ~ -~ 
=2L= . _ / _ _ _  z ~ dl: 

~ I : - - ~  
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O~<t< T 

for t ~ ~ ;  

~ [  0 for 

3I (x, t) = r:,~ ,%,.. r - - ,  

1/ t'-'-- e I o ~--7- 6 ,~ j for 

x 
o<~t<-- C 

t~>c ;  
in case B 

p (X, t) = Mo_~C 
/o 

o fo~ o < t < - ~  
f . m j  . t / . m j  
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(1.12) 
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M (x, t) = M0 

o fo, o < t <  c 

f, mj t 1.mj : (amj ~---'Z~) 
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F i g u r e s  1 and 2 give the r e s u l t s  of calculat ions f rom Eq. (1.12) for  the mot ion of a npower- lawn medium 
and a nonl inear  v i s cop la s t i c  medium,  r e spec t ive ly .  In th is  case  for  the Wpower-law" med ium we took ml0x/C = 
i and for  the nonl inear  v i s cop la s t i c  medium,  m20x/C = 1, where  mr0 and m20 have the fo rm 

m~0 = 4~a/p0R2; m~_0 ---- 4~lp/p0 B2. 

In Figs.  2 and 3 the solid l ines  co r r e spond  to the p a r a m e t e r  n=  1; the dashed l ines ,  to n= 2; and the 
dashed-dot  l ines,  to n = 3. 

F igure  1 shows that  reduct ion of the theo log ica l  p a r a m e t e r  n of  a "power - l aw"  med ium i n c r e a s e s  the 
t ime  lag in propagat ion  of the jump.  As n-*0 the lag tends to infinity, i .e . ,  the p r e s s u r e  o v e r  the whole tube is  
constant  and equal  to zero .  This  is p robab ly  due m o r e  to the known l imi ta t ions  of the " p o w e r - l a w "  rheological  
equation in the range  of smal l  shea r  r a t e s  than to the actual  behavior  of the med ium in the tube.  

F igure  2 shows that  an i n c r e a s e  in the p a r a m e t e r  n and radius  of the quas icore  zone leads  to an i n c r ea se  
in the t ime  lag. With i nc r ea s e  in the nonl inear i ty  p a r a m e t e r  n the i nc r ea se  in the t ime  lag becomes  m o r e  
rapid.  

w 2. We cons ider  the unsteady motion of a c o m p r e s s i b l e  npower- law" medium and a nonl inear  v i s c o p l a s -  
t ic  medium in a th in-wal led  tube of v i s coe l a s t i c  m a t e r i a l .  This  motion is r e p r e s e n t e d  by the Voigt equation 
r = GT +lz~. The formula t ion  of the p rob l em  is  the s a m e  as  in Sec. 1. 

The solution of the p r o b l e m  reduces  to  solution of the sy s t em of d i f ferent ia l  equations [1] 
i 

~ + miM = 
Op. 

/o ~x' (2.1) 

-[- 2-'~F/~'-F 2Poto Ox - -2K F et 2 2pot--'-'-oOtO~ (2.2) 

(the notation is  the s a m e  as  in Sec. 1). 

The init ial  and boundary conditions for  this  p rob l em have the fo rm 

M(z, t) = 0, p(x, t) = O, t ~ 0; 

p (o, t) = r (0  1 o~e  A, 
M ( 0 ,  t ) = , ( t ) t t > ~  case B. 

Functions p(x, t) and M(x, t) a r e  bounded as  x ~  oo The p rob l em is f i r s t  solved for  case  A. El iminat ing the 
flow M f r o m  Eqs.  (2.1) and (2.2), we obtain a d i f ferent ia l  equation for  p 

A ~ -I- B 02p O~p -t- O3p (2.3) 
Ot 3 _ ~ + D - ~  = ~ Ozo __ btOz ~ 

with init ial  and boundary conditions 

[ p ( O , z ) = O ,  ~p(o,x) O, o~p (o, z) = O, 
Ot --- ot~ (2.4) 

[ p (o, t) = r (t),  p (t ,  co) = o, 

where  A=Po/KF;  B = h / C  2+ Amjfo; D=f0~mj /C2;  1 /~  =~/G is  the t ime  lag. Applying the Laplace  t r a n s f o r m  to 
the s y s t e m  of equations (2.3) and (2.4) and solving the obtained di f ferent ia l  equation for  the images  of  the func-  
t ion p(x, t), we obtain 

p* (s, x) = (p* (s) exp (--  x ,//-As~r +7"~'~ Bs~ + O~]. (2.5) 

The or ig ina l  of  (2.5) can be obtained in the s a m e  way as  in [3]. Below we analyze  only the asympto t i c  
behavior  of  the solution, however ,  s ince the genera l  solution leads to r a t he r  unwieldy expres s ions .  

When s~/G>>l ,  exp res s ion  (2.5) in the or iginal  has the s ame  fo rm as  Eq. (1.7) and, hence,  expres s ions  
for  the flow and the solution for  case B can be de te rmined  f rom Eqs.  (1.8)-(1.10), r e spec t ive ly .  All the con- 
clusions made in Sec. 1 a r e  obviously st i l l  meaningful  for  th is  case  too. I f  s p / G < < l ,  the or iginal  of (2.5) has 
the fo rm 
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p ( x , t ) = ~  i r  " zWf~ 
. ~ / �9 

cv~ 

(2.6) 

The change in c ro s s  sect ion f is  given by the express ion  [1] 

I ,  I0 = S 
0 

T h e  f low:can b e  de t e rmined  ~rom Eq. (1.8). For  case  B we have 

2 i l -. 
*VYm7 

We de t e rmine  the p r e s s u r e  d is t r ibut ion by subst i tut ing (2.7) in (1.10). 
flow jump is a s s igned  at  the s t a r t  of the tube, we put expres s ions  (2.6) and (2.7) in the fo rm 

p(x, t)/po = erfc{[(3n -~ t)/4n]~}; 
M(x, t)/Mo = erfc[(l/~)~ ], 

(2.7) 

In the case  where  a p r e s s u r e  or  

(2.8) 
(2.9) 

where  

= z/2V~--~t; ~= x/2V• • = c2//7zlo; • = C2/m~o. 

E x p r e s s i o n s  (2.6)-(2.9) can be i n t e rp re t ed  in two ways.  On the one hand, they give the p r e s s u r e  and flow 
dis t r ibut ions  in a v i s coe l a s t i c  tube a t  l a rge  t imes  Gt>>#. On the o ther  hand, they give the p r e s s u r e  and flow 
dis t r ibut ions  a t  an a r b i t r a r y  t ime  f o r  infinitely smal l  va lues  of the t ime  lag # /G-*0 ,  i .e. ,  in an e las t ic  tube. 

Hence,  at  l a rge  t imes  the v i s c o e l a s t i c  p r o p e r t i e s  of the tube m a t e r i a l  do not affect  the motion.  F igures  
3 and 4 show the p r e s s u r e  and flow dis t r ibut ions  calculated f rom Eqs.  (2.8) and (2.9) for  d i f ferent  va lues  of 
the nonl inear i ty  p a r a m e t e r  n of "power-lawW media  and different  va lues  of the yield s t r e s s  V0(~ 0) and p a r a m -  
e t e r  n of nonl inear  v i scop las t i e  media ;  in the pa r t i cu l a r  case where  n = 1 (viscous liquid) the r e su l t s  ag ree  
comple te ly  with those  in [3, 4]. 
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